
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



[ 321 ] 



A METHOD of exprefing, when pojible, the VALUE of ONE 
VARIABLE QUANTITY in INTEGRAL POWERS ^ANO- 
THER and CONSTANT QUANTITIES, having given EQUA- 
TIONS exp effing the RELATION of thofe VARIABLE QUAN- 
TITIES. In which is contained the GENERAL DOCTRINE of 
REVERSION ^SERIES, ^APPROXIMATING to the ROOTS 
of EQUATIONS, and of the SOLUTION of FLUXIONAL 
EQUATIONS by SERIES. By the Rev. J. BRINKLEY, M.A. 
ANDREWS ProfeJJor of AJirommy, and M.R.LA. 



1 HE moft general and ufeful problem in analytics is, from a Read NoT « 
given relation between two variable quantities to exprefs one of I?58, 
thofe quantities in terms of the other and conftant quantities. 
The cafes however in which this can be completely performed are 
few in comparifon of thofe in which it can be only partially done. 
Among the partial folutions are thofe by feries not terminating. 
When fuch feries converge they afford the folution required. Va- 
rious methods have been given by authors for obtaining thefe 
feries principally derived from thofe 'given by Sir I. Newton. Of 
thefe the method of affuming a feries with coefficients to be de- 
Vol. VII. S s termined 
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termined from a companion of homologous terms is, perhaps, the 
befl where it can bp practifed ; yet the cafes are very numerous 
where without other afliflance it is difficult and almofl impoflible 
to practice it with any advantage. A method, therefore, which be- 
fides being in all cafes as fimple as any of the others is as general 
as can be defired, and is often attended with the fuperior advan- 
tage of demonftrating the law of the feries, mull be an object 
for the confideration of mathematicians. Such a method is at- 
tempted in the following pages. Its foundation is bu]lt upon a 
theorem firft given by that excellent mathematician Dr. Brooke 
Taylor. This theorem, given in Cor. 2. Prop. 7. page 23, of his 
method of Increments, is well known, and is in purport as 
follows : 

If x and z be two variable quantities, the relation of which is 
given, then while x by flowing uniformly is increafed by x> z 

• • • 

will be increafed by z + 1 L V &c. In which the va- 

J 1. 2. r. 2. 3. 

lues of z y z, &c. are to be determined from the given equation. 

It readily occurs that this theorem contains a method of de- 
riving the values of one quantity by a feries afcending by powers 
of the other : and accordingly fome authors have ufed it in a few 
fimple cafes,, but have not attempted a general ufe. And upon 
confideration it is obvious that without farther afliflance it cannot 

be 
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be praclifed in cafes at all complex. For if in an equation exprefling 
the relation of x and z the fucceflive fluxions be deiivcd one from 
the other generally and without having regard to particular values 
of x and #, almoft infuperable trouble would arife except in the 
moft fimple cafes, and the method be very far inferior to others. 
This farther affiftance I have endeavoured to give in the following 
pages, principally by theorems for taking fluxions of different orders 
per faltum, that is, without finding the fluxions of the inferior 
orders. Thefe will render the theorem of Taylor of the moft ex- 
tenfivc utility, as will beft be feen by the examples hereafter 
given. 

M. De la Grange is the only author I know of who has at- 
tempted to fimplify the computation of z, z, &c. This he has 
done by a moft elegant theorem for an equation of a particular 
form (See Coufm's " Aftron. Phyfique, Art. 20, p. 15.") But no ufe 
can be m.ide of this theorem except in equations of that particular 
form. The theorems for taking fluxions per faltum will enable 
us to compute the values of #, z, &c. by fubflituting the values of 
x and z when they begin to flow, and as in that cafe it often 
happens thit the problem is fuch that x and z begin from nothing, 
the concluflons are then derived in the moft fintple manner. 



The method of affuming a feries with undetermined coefficients 
for the quantity to be found, befides the objections in every par- 

S s 2 ticular 
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ticular cafe to the legality of fuch an affumption not being felf- 
evident, often requires perplexing conifderations to avoid intro- 
ducing unneceffary terms. Indeed the greateft difficulty often 
occurs in that part. In this method no feries is to be affumed. 
The feries derived follows from the nature of the problem. Often- 
times its law even in very complex cafes can be derived, in which 
by the method of affuming a feries it would be almoft impoffible 
to demonftrate it. Thus the truth of the law of the Mul- 
tinomial Theorem, when the power is negative or fractional, is de- 
monftrated by this method. It was done by De Moivre for in- 
tegral powers, and I know of no author who has generally de- 
monftrated it for all powers. The examples given to illuftrate 
the method are moft of them fuch as are well known, and may 
be compared with the fame as done by other methods. Among 
them are two feries firft given by Mr. James Gregory (See Comm. 
Epift.) the inveftigation of the latter of which has been confidered 
by mathematicians as very difficult. 

Demonffration of Dr. Brooke Taylor's Theorem*. 
Theo. If z and x be cotemporaneous values of two quantities 
any how related* and z and x — flux, of x, cotemporaneous incre- 
ments, of which x is uniformly generated, then will 

• « m 

• *• • 

i 4- z . z ' Z Z 

I 1.2. L 2. 3. I. 2....ZB 

when this feries terminates or converges. 

Demonstration. 

* Authors who have given this theorem have not been fo attentive to accuracy of 
demonftration as the importance of the theorem feems to require. 
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DEMONSTRATION. 



Let #, x + x, x + %$ - - , # j_ « 7 , 

■ » * + * Abecoteraporaneout 

z, st, z", J, £ _ x + z lvalues of * and z 



Let alfo <*, <?', a", d &c. 



*, #> V, &c. , De « 



&c. 
4 &c. 



be differences of the refpeo- 



tive orders. . 



Then by the theorem for differences. 



z + z = z + na + - £ « f_^T f + 4 &c. where 

I- 2. I. 2. 3 

7Z is the number of fucceffive values from x to x + x, or from z to 
a + «. Now if « be increafed fine limite, any affigned number of 
terms of this quantity approaches to the fame number of terms in 
the feries, 

n* b , n % c x 

z + na + — — -r -f, &c. as its limit, orbecaufe«= —,to 

1.2. 1.2.3. x 

its equal z + -x + - X i^— +, & c . But when n is fo increafed 

the limiting ratio of a\ x or the limiting ratio of the increments 

of 
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of z and x is the ratio of the fluxions of z and x, and it follows 
therefore that when,« is increafed^/z^ limite^ the li'Tiiting value 

of — = — • Alfo for the fame reafon — _ —, — = — , &c. 
X x x x x ¥ X 

h ' " 

Whence the limiting value of - % = — — JL, becaufe f_ = %. 

x . XX X* x X 



oft 

X* 


? 

= - — = — , becaufe — 

XX X X 3 #* 

&c. &c. 


3. 

z 

~~ x- 



Whence the limiting value of z + n a + — b + 

5 i. 2. T 



— <: + &c. when n is increafed /£w ///»/te is z + 

i. 2. 3 y -r 

— -f Hi & c « And becaufe when the former fcries terminates 

i r. 2. 

its value is z + z : and when it converges its limit is alfo z-\- z 

• ■ 

z z 

'.• z-{- z = z-\ 4. , + &c. when the feries terminates or 

i ^1. 2. 

converges. When it does not converge, nothing can be aiTerted of 

it, becaufe we cannot reafon concerning a limit which does not 
exift. 

Problems 
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Problems for finding Fluxions per Saltum. 

Prob. i. To find the n' h fluxion of x™ when x does not flow 
uniformly, and m denotes any whole, fractional or negative 
number. 



Solution. Let a, £, <r, d 

i\ 2 d , 3 d > 4 th , 
fluxions of x. 



- k - - S t y, jQ, u be the 
- k th - »— 4,«— 3,«— 2,»— i 



Then the n th fluxion of x m — 



mx 


X 


+ " 


.«* 




n. 
i 


>• — i 

2 


H 


n.n 


— i 


. It — 


2 


i. 


a. 


3 
&c. 


ty 



n. «•— I . n—— 2 

I. 2. I y 

iH.tn — i x -{-n.n — 1.0—2 ''—3 
I. 3. 2. I 

&C. 



"—' ) 



ac} m.m—i. m — 2* -f> & c - 



The following are the laws of this feries 



1. The index of x diminifhes in each term by unity, and is to 
be continued till it becomes o or m — n. 



2. The coefficient of x is the product of m.m — i. 
m — v — [, into the fum of quantities, with numeral coefficients 
annexed, deduced from the different fluxions of x. 

3. These 
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3- These quantities are formed by multiplying together a number 
v of the feveral fluxions of x> fo that the fum of their exponents 

p q r t 

fhall be n. Thus if ab c d be one of thefe quantities p + l q + 
3 r -f 4 j- = n and p + q+r + s=zV. 

Note — By exponent of a fluxion is meant its order. Thus the 
exponent of d or of the fourth fluxion of x is 4. 

P 1 r * " 

4. To the quantity abed - - * is to be annexed, for a 

coefficient, a fra&ion the numerator of which is n. n — 1. n — 2 - 



k+i, and the denominator p X p — 1. - 1 X z.q.q — 1 - 



1X3 2-. r. r — i - - 1 x 4. 3. 21 X j. s — 1 - 1 X 



0— 1 



k k — i - - \\ xo-Xo- — 1 - - 1. The law of continuation of 
which is evident*. 

The Demonjiration^ as far as regards the i ft , 2<> and 3 d laws of the 
feries, is readily deduced from considering the manner in which the 

m 

fucceflive fluxions of x are derived. The demonfixation of the 
fourth law is fomewhat more difficult, but may be deduced as 
follows : A quantity a b prefixed to a power of x is evidently de- 
rived by taken the fluxion of x, p + q times, and of a, q times in 

every 
* Since writing the above I find that Dr. Waring, at the end of his « Meditationes 
Analyticae," fpeaking of « methodus dedu&ionis & redu&ionis," mentions this 
problem, and gives the three firft laws, in which indeed there is no difficulty ; the 
fourth, the only one difficult to inveftigate, he does not give, nor does he mention 
any ufe to which the problem may be- applied. 
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every different order, with the exception that each a muft be taken 
before the b, which is derived from it. Confequently the coeffi- 

cient of a b muft be the number of thcfc different orders. 
This coefficient may therefore be deduced either from the 
doctrine of permutations or from that of probabilities. The 
former method is certainly the moft natural, and at firft 
fight may appear (horter: but the latter is more readily ap- 
plicable to general expreffions. And from it the coefficient of 
f q 
a b is deduced by finding the probability of taking a, a, a, - (p) 

a, a, a - (p) b, b, b - (q terms) in the order in which 

they are written. The marks underneath fhewing the a* from 
which the correfponding fr are derived. The inverfe of the 

fraction expreffing this probability is the number of different 

P q 
orders, and confequently the coefficient of a b . The prob. that 

an a, from which a b is not derived is taken firft is , that ano- 

n 

ther dof the fame defcription is taken next is ■ , &c. fo that the 

n — r 

probability that all the a* of that defcription are taken previoufly to 

anv of the a s . from whence the b> are derived is — X — v -CZZi. v 

3 n a— i x n~% * 

i 
^=—. That an a is taken next is certainty or 



n—p — i 
Vol. VII. Tt 



[ 33° ] 

— — . The Prob. that another a is taken next is 2 x — be* 

n—p n—p — 1 

caufe each „, befides its own chance, has the chance of the b, 
which is derived from it, &c. &c. Whence it follows that the 
probability that all the a* will be taken before any of the b s is 

__ y ___"x£r__ „ . x __J___x_l_ x 1--E_L x 

n K n — r n — 2^ n — p — 1 n—p n—p — 1 

— __ X _ - _______ . The probability that the b 

n—p— 2 n—p + q—.x 

derived from the firft a is taken next is =-, &c. 

n — p + q 

Whence the prob. that the whole will be taken in the order 
in which they are written is 

pxp—i - - 1 X 2 x q x I— 1 x f—2 ' ~ r ti, 

* — -i — i £ -_ 2 — - ■ ■ — _ t The re- 

n. n — 1 - n — p+ zq — 3' 

ciprocal of which fiaclion is the coefficient of a b . And by the 

p q r t a 

fame procefs the general coefF. of ab c d — x as given in the 
4< h law is readily deducible. 

The dem. by the method of permutations is concifely as 
follows. If the quantities „, a, a t (p) a, b, a, b (2 q) were 
all different, the number of orders is n. n — 1. - - 1, but 
as p quantities are the fame, the number mud be reduced by 
dividing by p.p — 1 - - i, or the number of permutations 

of 
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of p things, and bccanfe the permutations of two things are two 
without regard to order, when the order is fixed the whole 
number of permutations muft be alfo divided by the number of 
permutations in each order that is fixed, that is by 2 x 2 x 2 X Sec. 
(q) = 2 ? , alfo becaufc q <z' are the fame, it muft be divided by 
q x q — 1 ■< - - 1. Whence the number of permutations or 
the coefficient of a? & is as above ftatcd, &c. &c. 

Example I. The 6 th fluxion of x m = 



s 

6 x x 

6 . «— 1 . 4 

— m x x -)- 15 * * 

10 x' 



4 
15 x 1 x 



1. m — ix -j- 15*' 

60 X X X 



3 
20 ic % X 



m...m—tx -j- 45 x 1 x 1 



M— + 



m....m — 3 «-{" 



i m— 5 _____ w— 6 

15 * 4 x \m ro— 4 * -)- m. - - m— 5 *' x 



Example II. The 8 th fluxion of x* when x -. 0, and the 

i ft , 3 d , 5 fh , and 7 th , or the fluxions of the uneven orders are alfo = is 

* 6 . + . ? . 6 8. 7 

c6 *• # + 70 x 1 . For in this enfe the coefF. of x x — ' • •* 2 — 

t $■ 7- 6. 5 

56, and the coefF. of x 1 = _j *— 1 x 2 = 7°* 

4: #. 2. i , x a. 1 



Example III. The coefF. of x s in the 7 th fluxion of * 8 , when 
the even fluxions are = is 

T t 2 7. 6. 



[ 332 ] 



3 
XX* 



7- 6. Si4. 

j 

i. 3. 2. i, . 2 



7.6 .5 

2.1. 1 * *"* 



8. 7. 6 = 70 * * -f 21 * * # * 8. 7. 6. 



Cor. If a v = a, b s = — , c K = —— &c. The denominator 

1. 2 1-2.3 



p s r 






of the coefficient to be affixed to a # r - - * isp.p—i - - 1. 
^. ^ — 1# --1 --- «■ x ^ZTi - - 1 and the numerator 
n. n — 1. n — 2 - - - 1. 

Problem 2. To find the a'* fluxion of xy z (m quantities.) 
Solution. The «'* fluxion of xyz (m quantities). 



xy Zy &c. + xy z> Sec. + xy z, &c. 



n — I 



»— I 



+ nx yz, &c. + nxy z &c. + &c. 



TO 2 



+ ».«— 1 * yz, &c. + &c. To form this quantity the fum of 
&c. 



* & y 



all the xyz', &c. muft be taken where « + /3 + y -f, &c = n. 

a 

Affixing when « or |8, or y, &c. = o, inftead of x, x, inftead 

of yy 
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*0V 

ofj'O'j&c. The coefficient of xy z, &c. is readily deducible by the 
methods in the former problem^ and is = 

i 



n. n — i. n — 2 



et X a, — I 



I X /3 x /3 — I I x y x y — I 



I x, &C 



Problem 3. To find the ri h fluxion of the fine of an arch x 
taken m times when the arch does not flow uniformly. 

Solution. Radius being unity. The « M fluxion of the fine* 
of mx 





H—l 

• • 




— nxx 


n 


n.n — r • "."* 


mx csmx 


-1.2 ** 




n. n — 1. n — t 3 ."-J 




""""* ■■ X X 

1. a. 3 




&c. 



m* s, mx — , 6cc. 



The following are the Jaws of this feries : 

1. The quantities to which the produces of the fluxions and 
their coefficients are affixed are fucceffively mcs, mx: m* s, mx: m* 
c j, fftx: &c. The fign is 4- or — according as the number of pre- 
ceding terms of cofines is even or odd. 



2. Tax 
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2. The number of fluxional fa&ors to be affixed to the ra term 
is r, and the fum of their exponents is to be n. Thus if 

& x x? x &c. be one of thefe produ&s p + a q + &c. — n, and 
p + y + &c. = r. 

3. The coefficient of x? x #?, &c. is as ftated in Prob. I. 
Example. Theiburth fluxion of the fine of 3.*, when x = o 

4 4 .2 
is 3 x — 3. 3. a? 1 X. 

Cor. The n ih fluxion of the cofine of mx is had by fubftituting 
in the above feries for the cofine of mx, — s, of mx, and for s, 
mx, cs, mx. 

The Application of the preceding Problems. 

Problem 5. The relation of two quantities being exprefled 
"by one or more equations to find the value of one of them in a. 
feries afcending by integral powers of the other. 

Solution. Let x and y be the two quantities to find x in a 
feries, afcending by integral powers oiy. Compute from the given 
-equations, by help of the preceding problems, the values of x (A), 
x (B), x (C), &c. when y = a given value as a and_y ^y — a makings 

flow 



Ti> fiia? /Jdr/e 33j. 




S D B 




m **" V ^N" Y X m " W P 




Sn- 



[ 335 I 

flow uniformly. Then by Taylor's theorem whilft^ changes its value 

B C D 

from a toy, x will from A become AH — - + 4- , &c. 

i i. 2 ^ 1.2.3 

For more readily ufing the preceding problems, it will- ge- 
nerally be of ufe to clear the given equations from fra&ions, 
furds, &c. and fometimes alfo to take the 2d, &c. fluxions generally, 
in order to have a more convenient equation, from which the par- 
ticular fluxions of the higher orders are to be deduced. The parti- 
cular fluxions of the different orders are to be taken perfaltum by 
the preceding problems, fubftituting at the fame time whenever con- 
venient the values of x f x, x, &c. . previoufly found. 

The utility and pradice of this method will beft appear by 
examples. 

Example I. From the cubic equation x' + qx + r = o, to 
deduce the values of x in a feries afcending by the powers of r. 

Solution. Let the fucceffive fluxion* of this equation be 

♦ » 

taken by Cor. Prob. i.. making a = x, b — — , c = - &c. and 

I * 2* I * 2- % , 

r conftant: 



I.: 3* 
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*&• 3** + 9 • a + r ■«= °* 

2 d . 3«* 4. q. i.2.b + tf\ 3. 2.#s=0. 



3 d . 3** +y. 1. 2.3*4-3. 2. .!.*£. 3. 2, # + * 1 . 3. 3 -- 0. 



4.3 ^|3- 2^+4. 3.^^.3. 2 = 0. 



5.4.3.-2. 1 «fl ^ + -5.-4.-3^ 
;.4. 3.2.1^1 5.4.3^ 



•5*. 3^4-y. 1.2.3^ 5/+ 5.4.3.2. 1 "*L„ „ + 5.4-3* 1 ' 

5 
&c. &c. &c. 



3'2=-o 



or a 



r , _ 3 -a* x = __ %.%abx + a* 

~ 3**+/ "3^ + f* C 3^ + f~ ' ~ 



3. iacx + $b x adjf.be. 3.2.* 4, 3. a % c + at % 

3* l+ ? ' 3*' +7 ~ 

&c. &c. 



Calling the exponents of the quantities a, b, c, &c. their 
places in the feries, and the exponents of a, p: of b t %p % &c. 
the law of continuation is eafily had. For the numerator of 
the quantity, the exponent of which is m, confifts of two terms, 
the firft of which is 3. 2. * into a coefF. which is the fum of 
the produces of every two quantities, the fum of the expo- 
ponents of which is m, and when m is even, £ the fquare of the 

quantity 
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quantity, the exponent of which is \ m is to be added. The 
fccond term is the fum of all the quantities 3« l /3, 3. 2y$e, fo that 
the fum of the exponents of each quantity _ m : and when m is 
a multiple of 3, the cube of the term, the exponent of which is 

— is to be added. 

2 

Now when r — 0, x % -f q x = 0, and the values of x are 0, 



+ ^ — qr, fubftituting thefe values in the values of a y b, c, &c. found 
above, and r for r, we have the three values of a + b + c 4- &c. 

— x + + &c. the three increments of x, while r from be- 
% 

comes r. Let thefe values be A, B, C, and the values of x are 



A, •— 9 + B, — •— f +C. 

Thf preceding is given as an example of the method, and not to 
fhew its fupcriority to others. Since by afTuming a feries for x y 
and making ufe of the multinomial theorem, the fame conclufion 
will be derived by a procefs equally fhort. Yet it mull be ob- 
ferved, that the multinomial theorem is only a particular theorem 
far lefs extenfive indeed in its ufes than the method here given, 
and not at all more ready in practice. 

Vol. VII. U u Example 
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Example II. Given the fine of an arch (A) to find the fine 
of n times that arch. 

Solution. Let x = fine of A, y = fine of n A. Then 

■ ■ 

y nx • * 

, — — = . or y z x i — x z ~ n 2 x 2 x i— -y 2 , taking the 

V J yz v r — x z 

fluxions generally making x flow uniformly, and dividing by^n 



y x i — x 2 — yxx = — n 2 x 2 y. 

The m — 2 fluxion of this equation being taken by Prob. 1 
and 2, when x — and_y — 0, 



y .{- 39 — 2 . w — 3 ^ x — zx 2 — m—2y x 2 = — n 2 x 2 y 
2 



or y = — x 2 y * n x — m — 2V. 

Now bccaufe when x and y = o ) y — nx and y = e; it follows 
therefore that all the even fluxions of y are _ ; and taking for 
m the odd numbers 3, 5, 7, &c. and # for#, we have 

v „ n x — r . »* — / \ 2 , o 7 

y —y _[- _£_ + &c. = tf# # .v 1 + 2— fix* — &c. a^by 

' ' 1.2 2. 3 4. 5 

&c. being the preceding terms. Alfo if k and / be the p — i^ 

11* 2p — J* 

and p terms /= (becaufe m — ip — 1) = — kx z * — — - =■■ ~~==-. 

The 
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The above folution affords a confplcuous inftance of the 
advantage of this method, in the ready manner in which the ge- 
neral law of->the feries is derived. This feries has been in- 
veftigated by feveral authors fince Sir I. Newton, who firft 
invented it. But all ha.ve only deduced a few of the firft 
terms, without any proof whatever of the law of the feries. 
Indeed to have deduced by any of their methods even the 10 th 
term would have been an almoft infuperable labour. 

Example III. To exprefs the hyperbolic logarithmic fecant 
by a feries afcending by powers of the arch. 

Solution. Let a t s, and /be the arc, fecant, and logarithmic 
fecant, rad. being unity. By the nature of the circle 

• s ' s 

a = — =., and alfo / = — 
Ws 1 — 1 * 

v /» = a 1 * s* — 1, or taking the fluxions and making a 
conftant, 

2 / / = a* * 2 ss = a* x 2 J* x /or 7 = a % s 1 =s /». + a 2 (A). 
But when a = 0, s = 1, v / = and /= a ^/s* — 1 = o: whence 
from the equation A it follows that all the uneven fluxions of 
/ are = 0, becaufe any odd fluxion of the equation muft contain 
in each term the inferior odd fluxions of /. For the conveniency 

Uu 2 of 
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of applying Prob. i. let x = /, and (A) /= a* 4- *% taking the 

? « - 3 

n — 2 fluxion of this equation by Prob. i. / = 2xx. n — 2 + 



?". 5 n — 2. n — 3. n — 4. 5 . ? 1 n — 2 - - n — 6 

2 X X 1- 2 X X —- " ~ + &c « 

3. 2. 1 5 4 - - 1 

3 
fubftituting for the fluxions of x, /, /, &c. and dividing by 

1,2 - - n we get the general equation 

« »— 2 4 



_ z . 2 x * ^=^ — + 2' 4 



x 



1 — n 1.2 1. 2 - « — 2 » — 1. » " 1--4 

»-4 

4- &c. when - is odd to be continued 



1 - - « — 4 * zz — 1. n ' 2 

n 
2 

to termi. When - is even, the laft term is -■ * 

4 2 1. 2 --» 

n n 

7" x 7 



« — I. « 

Whence taking n = 4, 6, 8, &c. 

/ / 4 „ a* , a* a 6 , 17* 
/ = _ + _ 4-, &c. = — + ■ + + -I 

2 I.2-3-4 i-« x -3-4 1. 3-3-5 I -3-3-5-7- 8 

+ £Lrl + &c. 

Example 
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Example IV. Having given the logarithmic fecant of 45 
to the modulus radius (r) = s and the logarithmic fecant of 
any arch a = s + I to find a in a feries afcending by the powers 
of/. 



Solution. Let n = the fecant of a. Then by the circle 

n r* 
a ~ __ a |f b ecau f e s + I — log. n to the modulus r, / = 



— •.• a — -=_-= or (A) a x * n l — r* = r 1 /\ To facilitate the 
n / * 

3 . 
computations of <?, rf, #, &c. from the equat. A, when / = 0, 

a = the arc of 45, and when alfo «* = 2r», let <** = # l = B. 

„ . ni 
Now becaufe « — — . 
r 

• 2 / «* 
1 ft. Fluxion of « 2 = 2 « # = ■ = 2* r /, fubftituting for /, /. 

2 / 2 /«* 
2d. Fluxion of «* = — x — ~ — 2 3 A. 



m + 1 
2 A» 

ot m Fluxion of «* = -^l- — 



Whence 
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Whence from the equation (A) B X n % — r z = r l /% we have 
by Prob. 2. 

(A) B r* + B 2 1 rl = or B = - ^~ 

2 . .. . .. 24 / 4 

(A) Br , + 2B2»r/+B2!/ 1 = oorB = ~ 

3 .-. 2 4 / 3 ? 

(A) B r* + 3 B 2* r / + 3 B 2* r h + B ~^ = or B = _ 
208 — . 

4 4 3 * 2* / 2 s /+ 

(A) B r* + 4 B 2* r/ + 6 B 23 /* + 4 B — + B — — = 9 

♦ /« 

or B = 24°o ~7 

5 5+ ? ? 2 4 / 3 .25/*., ,, 

(A)Br s + 5 B*V/*+ioB2 a / 1 + 1-0B-7-+5B — + a 

a 6 /s i 34^4 / ? 
__i = orB=:- r5 . 

&c. 

Now when rf = 45 °, x - a = A whence taking the fluxions 
of the equation ** = B by Frob. 1 , and fubftituting for /, /, 
we get 

2 /* = B = - ~ or « - x = - — • 

2 /# 



[ 343 ] 



... „ 24/* - 3 •• 8/ J 

2 Ix 4- 2 # 4 = B = -^ — or a = # = 

r* r* 

3 . . .. 3 208/5 4 3_ 56 / 4 

2 /# + 2. 3 xx = B = r 3 or a = » ^"TT 



r ] 



2 



7* 2- 3 * L 2400/* 5 . + c6o/s 

2 / * 4- , = B = or a = x = 

r* r 4 

a. 4 ## 

4 

2 ix* + .. 3 = B = — 34624 or a = x = — •*-* — 

2.10 x x rs 

&c. &c. 

Hence while / by flowing from becomes /, a from a femi- 
quadrant becomes = 

a feiniquadr. + / + -' — + — 22 \. & c . 

r 2> r % n 3 r4 45 fS 

The two laft examples are feries of Gregory's from the Comm. 

Epift. For an account and different methods of inveftigating 

them fee Scrip. Log. Vol. III. preface and pages 443, &c. 
480, &c. 

Example V. To expand the multinomial, 

« 

a 4- bz + c z" _j_ dz"> + Sec A where n is of any denomination 
whole, negative or fractional. (De Moivre Mifcell. Analytica, 
p. 87). 

Let 
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Let A = B* = a-\-bz + c& +dz* + &c.^ Then making z = <?, 
and fubllituting for z, z 

B = bz 

B 

B= I.U2 1 or — =cz z 

I. 2 

3 

B 

B = i. 2. 3 dz % = dz* 

1.2.3 

4 

4 B 

B=i. 2. 3-4^ i~ = 

&c. &c. &c - 

Whence from the equation A = B» we have by Cor. Prob. 1. 

«— t 
A = n a bz 

A^z.fia cz x + n. n—\ a b* z* 



&c. &c - 



«— 1 n.» — I.n— 2 *"~|, 



» «_i „ . «— x n.n — i.n — ^ j , 

n—l . »— * 

». a cz 1 +n.n—i a *<r«'-f-&c. 



+ « a ' d z* + &C. 
&C. &c. 

The 
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The law of continuation as far as regards the produces of z, 
and its coefficients a, b, c, Sec. is evident from Prob. i. and agrees 
with that given by De Moivre. The law of the coefficients of 

n—p q r t 

thefe products is alfo immediately derived. For let a bed 

q + 2 r -f- 3 ' 
beany product, then becaufe it occurs in the terms A, it follows 

from Taylor's Theorem and Prob. i. that its coefficient is 



— 1+*r-l-3'X9+*r+ ;s— l x -• i 

. „ „ ' i . — r~. T x«.»— 1.» — 2--tr—p — ix — =n : 

1.2.3 2+2M-3' r ? x ? -ix--i xrr— i ix/xx-iX--i 

n.n — i. n — t - • • n—p — I (p or q ■+■ r 4- s terms) _, - , 

= — = -. ~ — — — ~= . The fame as has 

q x q — t X • - I x r x r— I x - - I x s x * — I x - - - I 

been demonftrated by De Moivre for integral values of n. 

Example VI. From the equation (m) ax + bz -f. ez -f. dz + 
&c. =gy + hy* + iy i + ky* -+• &c. to find the value of z when z 
andj» begin together. 

Solution. Taking by Cor. Prob. 1. the fuccefllve fluxions 

when z and y ~ 0, andy is fubftituted for.y. 

sy it 

(m) az — gy or z — — — Ay putting A = — 



» 



Cm) az + 1. 2 A* by* — 1. 2 /^h* 01 — = y* - By* 

i«2 * 

1 

Vol. VII. X x (m) 
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(m) az + i. 2. 3. 2. 1 AB^' + 1. 2. 3 A, o»* = 1. 2. 3 *> 3 

z ?-i.2AB^-A ! c , ~ j 

or = y % - Cjy 

1.2.3 a 

4 4 
(";»,) di 4- 1.2.4.3. 2 - J AC^ 4 + r. 2.4. 3 B 2 £^ + 1.2.3.4.3 

A 2 B^ 4 = 4- ^-2. 1 A/ 4 or = - — 2 jy* = Dy 

T J I.2.3.4 rf 

&c. &c. 

p- h—bK z , /*— i.2AB^— Ac 3 

or z — 2- jy + _r + — — jy + 

a a a 

k— 1.2 ACb— B*£— 3A 2 BC A , - ado* u • ^ 

i— — ^ j+ 4- &c A, B, C, &c. being the 

a 

coefficients of the preceding terms. 

The laws of continuation are readily derived by help of Prob. 1. 
for calling the exponent of a, 1 of b, 2 &c. and of A, 1 of B, 2 &c. 
the coefficient of j m is a fraction the denominator of which is a, 
and the numerator the difference between the coefficient of y m in 
the given equation, and the fum of products of the capital and 
fmall letters with numeral coefficients derived by the following 
laws: 

1 . To the fmall letter the exponent of which is n are to be 

affixed n capital letters, fo that the fum of their exponents fhall 

be m : this is to be done as often as poffible with each fmall 

letter. 

2. The 
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2. The numeral coefficient of any product A' B ? C — 
1.2 p-\-q-\-rXp + <2q+$rXp+-2q + 3r — I 1 



1.2 p+zq + ^rxp.p— I x l*q-xq— i-x.q—% irxr— I - I 

1.2 />+"? + r .u i 

= — £ 1 — — — = the number 

p. p — i - - - i + qX q — i - - ixrx r — I - - £ 
of permutations of A A A (p things j B B ffj CC (r). Thefc 
laws of continuation are the fame as ftated by DeMoivre*, 
and deduced by him from the application of the multinomial 
theorem. 

Example VII. From the mean anomaly of a planet to deduce Fig 
the eccentric anomaly in a ferics afcending by the powers of 
the excentricity. 

Solution. Let APB be the femi-elliptic orbit defcribed 
about the focus S and centre C, and P the planet : then drawing 
RPD perp. to A B meeting the circle defcribed on the diameter A B, 
the ^ ACR will be the eccentric anomaly. Let the mean ano- 
maly = m (rad. — i) the eccentric anomaly = c, AC = I, and 
CS the eccentricity — e. Then m: circumference :: area ASP: 
area of the ellipfe : : area A S R : area of the circle v becaufe 
CR=i,»=a area ASR = 2 ACR + 2CSR = BR X CR + 
CS^DR — c + es, corm=f + a, c. 

X x 2 Let 

* Phrlofophical Tranfadtions, Vol. XX. p. 190. 



[ 348 ] 

Let the fucceffive fluxions of this equation be taken by Prob. % 
and 3, when e — o t and c ^m 
c 4. es, m = 

c + 2 e c cs, m = 

3 

c + 3 * c cs, m*—$ e c * s -> m = ° 

4 * 3 

■ • • ••••• 

r + 4^f3 cs, m — 4*. 3^*, m — ^eccs, m=:o 
whence fubftituting for c, e 

c = — es,m.c = — tcccsytn— 2 z s t mxcs, pt= e*s, %tn 

3 * 



c — — 3 e* ccs, m 4- 3 *<;i j-, w = — 3 e* X j, 2 /» x f j, m — s*, m = 



-I ' 3 x 3A3 OT — '>>»• 



*• = — 4* x ccs, m—$ccs, m —ccS) mz= 4-e* * 2s, ^m — s t 2,m 
&c. &;c. 



v c — m -uc+ - — + &c. == m — cs, m+ s, 2 m — - 

*• 2 1. 2 1 



2. 4 



3 J-, 3 m — S, (B4 x 2.T, 4m— J, 2W+&C. 

I.2.3 

This feries is in effect the fame as the feries given by Keil, but 
is much better adapted for computation, and befides has the ad- 
vantage of being applicable to phyfical aftroridmy ; which the feries 

of Keil is not.* 

Example 

M. De la Grange has given a mod elegant theorem for expreffing in a feries 
afcending by the powers of t any function of x, when x — any fun&ion of a -f- t X, 
X being a function of x. By hejp of his beautiful theorem, the value of c is 
immediately deduced from the equation m = c + e s, c. Bat as the«theorem is only 
adapted to equations of that particular form, it appears equally eligible to deduce the 
value of c by the above method, becaufe including the demonftration the method of 
De la Grange is not ihorter. See Coufin's Aftro. Phyf. Art. 20, page 15. 
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Example VIII. From the mean anomaly of a planet to deduce 
the true anomaly in a feries afcending by the powers of the eccen- 
tricijtyr 

Solution. Let the femi-axis major AC= i. The eccentri- 
city C S = e y the anomaly A S T = a, m — the correfponding mean Fig. 
anomaly meafured in the circle the rad. of which — i, and the 
periphery^?. Then as the 1 areas are proportional to the times, 
and therefore to the mfean anomalies : 

Flux, area A S T r^area of thti ellipfe : : m\ P V 4 1 ST £ flux, ii 

a c t /\. ^ n a e t> m * area or "' tne ellipfe 
AST (a) = flux. area-AST = - — *— = m 



xi^i — * a or </ * ST* = » v^i — **. But by the prop, of the 

_ : ";-. _p' ' 

ellipfe ST = \~J1— . Hence* ^JSk^Sk^*^?*^^ 
i— ccs, a i—ecs,a\* 

X i+2 e cs, a + 3 * cs\ a + 4 e* es\ a + &c. = ^. Let A = fl 

tf^j-tf, B= fid*/ 2 , <7, C = fl acsi,a, &c. and L= 1 — **\\ Then 
a + z e A + 3 e- B + 4 <?* C 4- &c; = Lm. From this "equation the' 
feries is to be deduced by Fucceflively taking its fluxionsby Prob.. 2. 
making e flow uniformly &c. e — 

1. <z + 2* A-L« = fi 

2. *. + 2. 2 ? A + 3. 2 <r* B = 3 e% m 

3- « 
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3. a + 3. 2 e A + 3. 3. 2 <?* B + 4. 3. 2 * 3 C ~ i.,w ~ 



» 



4. <H-4-2'A + 6.3.2**6 + 4.43. 2*3 + 5.4.3.2*^-1 ■■,->« 3=45^ 
&c &c. 

Now fince A _ j-, ^ 

By Prpb.3. A = **/,<? B = £* + i.r, 2* 

&—cLcs > a — &s,a B = ?'a +% acs, za 

33 
A = <zf s t a— $aa s t a~ tecifr #= f a + f * «•, 2 tf— ** x, 2 a 

S ^ A J I. *^ ^ ^ 3 * and ^ ~ t f + i *» 2 * + -£j- 

C = ^ tf csa + iacsy^a 

&c. &c. 

Let thefe values be fubftituted in the above equations, and we 
deduce, making e == <r from the 

i ft . Equat. d — — zesyin 
2 d . <z = I- ** s, zm 



3 d . tf _- — e 3 x V -r, 3 * + t •»"» « 

4 



4 th * <* = «x ? + 0J x, 4/» + 11 j, 2/» 

&c. &c. 

Whence a = m + x<f3 | j,;w j_ ?i _^j j-, 2 m — rxd s, $m + 
«* /, 4 zk + &c. 



1 • 3 

T3T 



The 
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The fecond power of the eccentricity or two terms of the feries 
will be fufiicient for the orbits of the Earth and Venus. The third 
power of the eccentricity or three terms for Jn pi ter, Saturn, and the 
Georgium Sidus, and four for Mars. But fix or feven are necefTary 
for Mercury. It is more tedious than difficult to continue this feries 
to a greater number of terms. The above folution of this ufeful and 
celebrated problem, befldes being direct is greatly Shorter than any^ 
before given : Even than the method of Cagnioli, given by De La 
Lande, in the third volume of his Aftronomy, edition 1792, where 
the feries is continued to the ninth power of the eccentricity. Byavery 
ingenious artifice there given the folution by indeterminate coeffici- 
ents is very confidcrably fliortencd. The legality of that artifice might 
however be juftly doubted, and the truth of the conclusion de- 
duced fufpecled, unlcfs verified by other methods. 

Example IX. From the equation 

• • « 

e x" x -\-yx ~ ay to find y by a feries afcending by the powers 
of x, n being a whole pofitive number (Simpfon's Fluxions, Vol. II. 

293)- 

Solution. When x — 0, let y — Y. Then taking the fluxions 
of the given equation when x = 0, and x flows uniformly. 

ift. yx = ay 

3 

• * • • 

2 d , y x = ay 



n'\ 
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»•+• in n+ 1 

■ ■ • • * 

n' i . «. n — i - - - icx + yx = ay 

...... - - . - - m - - ffl -{- I 

W rt # . . - _ - _ _y # _ tf y 

&C. &C. 

Then becaufe when x = o, and > = Y,^=Yarwe immediately 
deduce 

.. Yx* 3 - Y*» ? +i ex Yap*? 1 J* 

v = -, *= y = n.n — r - - i + v., y— •, &c. 

X , X z X* 



v fubftituting for *, x;v = Y + Yx-+ + 

& ' ^ tf 1.2, a* 



1.2. -na* 



f__ = ,-_+ &c . + - + ~ 

J.S.K+Irf" K+Itf «4-I.«+2<7» 



This example was given to remark that fometimes by this 
method we may derive a general folution from the particular 
one. For although the above folution is only a particular one 

viz. when x is fuch that the feries will converge, yet becaufe we 

X xP* oc 

know that H — 4. + &c. = no. the hyp. log. of which is — ' 

a T i.z a z b a 

n -J- 1 « -)- 2 

CX C X 

and alfo becaufe — ■ ■ '+ - = . „= =- + &c. — 
72 + I. a n-r 1. n+ 2 a* 
— 

ea* X 1. 2 - - n x 1 + — + + &c. — 1 + — 4. - - 

I. 2--«+ I * 

#» 

i. a. --na„ 
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s= c a„ x 1 . 2 « x no. hy. log. — _ i + — 



1. 2 - «fl # <* 



AT 
I. 2. 



;-, if M — no. hyp. log. of which is i,y — Y M -{- I. 2 - - 

# 

» a n n — l 

- nca X M — i. 2 »£<* -J- i. 2 nca # + 3. 4 — 

B — 2 2 n 

nca x ^ + £■«• is the general equation of the fluents. 

As the above examples have confiderably extended the length 

of this trad, the fubjecT: fhall be concluded by a few obfer- 
vations. 

The Theorem of Taylor may be more generally expreffed, 
for if z be a quantity compofed of two or more independent 

quantities x,jy, v, Sec. then while x,y, v, &c. by flowing uniformly 

• z 
become x -j- x, y _j_ y, v + v, &c. z will become z -f- -j- &c. 

There can be no difficulty in applying what has been before done 
to cafes of this kind. It may be worthy of remark, however, that 
by this method when fluxions are fuch that the fluents are expreffed 
in integral powers, they may be found a priori: for if z be a 
function of x, y, &c. where x, y, &c. are independent quantities, 
and Z the value of z when x, y, &c. = 0, then becaufe z = Z + z -f 



z 



4- &c. and becaufe ■ — , &c. are derived from z by taking 
1. 2 1.2 

Vol. VII. Y v the 
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the fluxions, making x t y, &c. ronflant, it follows that z may 
t deduced from z by taking the fucceffive fluxions of z by the 
former problems. 

" • ji, n— i - ■" - i a "f i v " 

Examples. The fluent of x #=Cor. + — -— — • # = f-Cor. 

1.2 n+i n-\-\ 

The fluent of 3 x*y x + x* y + 2 xy s x 4. 2 x*yy = (taking x 

and y — 0, and fubftituting for x and y, x and y) 

3. 3. 2# 3 # y-f- 3. ix*y+ 2. 3.2 x 1 ^ 2 -\. 2. 3. 2 x*^ 1 _ 3 

1. 2. 3. 4 

The fourth example when n is odd is an inftance of finding 
fluents a priori "by this method. If x ~ Yjy, where Y is an algebraic 
fun&ion of y, then by common algebra reducing this equation to 
integral values, and taking the fluxions particularly by the former 
rules, it will be known whether x the fluent can be had in finite 
terms; in fomc cafes, very readily, in many, however, the difficulty 
will greatly exceed the inverfe method, but this difficulty may be 
probably obviated by given the fubjecl: that attention it feems to 
deferve. 

But it ought to be remarked when there are two or more inde- 
pendent variable quantities, that the given fluxion muft be poflible, 
that is, muft have originated from a fluent. Thus for inftance 
yx is not a poflible fluxion, for it cannot have originated from 
any flowing quantity wherein x and y are independent. 

The 
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The above method may alfo be applied with confiderable ad- 
vantage to the finite variations of fpherical triangles, and 
in many inftances feries may be deduced more convenient in 
aftronomical computations than the theorems for finite diffe- 
rences. 



Yy a 



